Introduction
Let F q be the field with q elements of characteristic p. Let k = F q (T ) be the rational function field over F q , and A = F q [T ] the associated polynomial ring. Let m ∈ A be a monic polynomial. Let K m , K + m be the m-th cyclotomic function field, and its maximal real subfield, respectively (see Subsection 2.1). The aim of this paper is to study the structure of the Jacobians of K m , K + m .
For a global function field K over F q , we denote by J K the Jacobian of KF q , whereF q is an algebraic closure of F q . For a prime l, it is well known that the l-primary subgroup J K (l) of J K is isomorphic to the following group:
where g K is the genus of K , and λ K is called the Hasse-Witt invariant of K . In general, λ K satisfies 0 λ K g K . In particular, we shall call K supersingular if λ K = 0, and ordinary if λ K = g K . For more details of the Jacobian, see [Mi,Ro] . 
On the other hand, there is no known explicit formula for Hasse-Witt invariants. Let λ m , λ + m be the Hasse-Witt invariants of K m , K + m , respectively. In the previous paper [Sh2] , the author completely
On the other hand, in this paper, we shall consider the ordinary case. Our goal of this paper is to
give a necessary and sufficient condition of m such that K m is ordinary. We assume that m ∈ A is a monic irreducible polynomial of degree d. We set s i (n) = a∈ A(i) a n , where A(i) is the set of monic polynomials of degree i. For 1 n q d − 2, we define B n (u) as follows:
(1) 
for all 1 n q d − 2.
K + m is ordinary if and only if
for all 1 n q d − 2 and n ≡ 0 (mod q − 1).
Here [x] is the maximal integer satisfying x, and l(n)
We assume that q = p. By using Theorem 1.1, we shall completely determine a monic irreducible polynomial m such that K m is ordinary (see Corollary 3.1). On the other hand, in the case q = p, it is more difficult problem to determine such m. In Section 4, we shall construct some examples of ordinary cyclotomic function fields. Remark 1.1. The above polynomial B n (u) is closely related to characteristic p zeta function (cf. [Go1, Go2] ).
Preparations

Cyclotomic function fields
In this subsection, we shall provide basic facts about cyclotomic function fields. For details, see [Go2, Ha, Ro] .
Letk be an algebraic closure of k. For x ∈k and m ∈ A, we define the following action: 
where 
where k ∞ is the associated completion of k by P ∞ .
Zeta functions
In this subsection, we shall study the zeta function of cyclotomic function fields. For more references, see [G-R,Ro] .
For a global function field K over F q , we define the zeta function of K by
where P runs through all primes of K , and N P is the number of elements of the reduce class field of P. Then ζ(s, K ) converges absolutely for Re(s) > 1.
Theorem 2.1. Let g K be the genus of K . Then there is a polynomial Z K
. 
Let X m be the group of primitive Dirichlet characters modulo m, and X + m be the subgroup of X m defined by
By the same arguments in Subsection 2.2 in [Sh1] , we have
where a runs through all monic polynomials of A, and N(a) = q deg a . Let χ 0 be the trivial character.
We can check that
where (5)- (8), we obtain the following result.
Proposition 2.1.
(
Remark 2.1.
In particular, Φ χ (u) is a polynomial.
The Hasse-Witt invariant
Our goal in this subsection is to express λ m and λ + m in terms of B n (u). To do this, we shall use the idea of Goss [Go1] , and give a relation between B n (u) and Z m (u) ( 
We see that ω n ∈ X + m if n ≡ 0 mod q − 1, and ω (1) φ
(2) φ * (
(2) λ
Proof. By Proposition 11.20 in [Ro] , we have
Hence we obtain Corollary 2.1 from Proposition 2.2. 2
Degrees of B n (u)
In this subsection, we shall study the degree of B n (u). To see this, we review some results of
Gekeler [Ge] .
as follows:
(0 e i e i+1 , e i < e i+q−1 ).
otherwise. 
The equality holds if q = p(: prime).
In particular, we have the following results.
Next we put 
Proof. This follows from Lemma 6.1 in [Ge] . 2
From Lemma 2.2, we obtain (
In particular, equalities hold if q = p.
Proof. This follows from Lemma 2.1. 2 3. A proof of Theorem 1.1
Our goal in this section is to prove Theorem 1.1. To do this, we first show the following lemma.
Lemma 3.1. For a positive integer d, we have
(1)
(2)
Proof. We can check that
This leads Eq. (17). Next we assume that n ≡ 0 mod q − 1. Then
Hence we obtain Eq. (18). 2
Now we give the proof of Theorem 1.1.
Proof.
One shows that g m , g + m can be calculated as follows: 
